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In this paper, we present three kinds of broadcasting tree for the even dimensiona
uni-directional hypercube (UHC) and its applications (ASCEND/DESCEND algorithms
and bitonic sorting). For the n-dimensional UHC, under the constant evaluation model,
one of our al-port broadcasting trees has height n + 1, which is optimal. Whereas the

best one of our oneport broadcasting trees needs a most %n +1 steps
(%(n— n mod 6) +%(n mod 6) steps exactly). We aso propose an all-port fault-tolerant
broadcasting tree (a family of arc-disjoint spanning trees) whose height is no more than
%n+1. At last, we show that the ASCEND/DESCEND algorithms and bitonic sorting

can be implemented in the UHC with the same complexity as the hypercube under the
half duplex mode. All of our agorithms can be easily applied to the odd dimensional
UHC.

Keywords: interconnection network, uni-directional hypercube, broadcasting, fault-
tolerance, ASCEND/DESCEND

1. INTRODUCTION

Among interconnection network topologies, the hypercube [5, 8, 15, 17, 23, 25] has
been extensively studied because it has many advantages over other topologies, such as
short diameter, short average distance, simple connection method, ease of routing, node
symmetry and edge symmetry. In a hypercube, adjacent nodes can communicate with
each other through the link connecting them. In fact, most existing hypercube
multiprocessor architectures, such as Caltech/JPL Mark 11 [26] and NCUBE/10 [21], use
two uni-directional links to simulate a bi-directional link in the hypercube topology. This
approach, however, will double the degree of a node, and thus increase the cost and
difficulty of constructing hypercubes of larger size.

With the rapid development of computers, how to connect existing computers
efficiently to provide digital services attracts a lot of attention. Therefore, several
topologies of Metropolitan Area Networks (MANS), like Manhattan Street Network [19,
20], HR*NET [4] and Tree-Net [13], were proposed for use in commercia network
services. These topologies seem to have a large diameter, long latency delay, or
deficiency of parallelism. Thus, one might think that the hypercube would be a better
aternative to MANSs. One issue arising from implementing MANs based upon the
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hypercube with optical fibers is the lack of bi-directional electrical/optical converters.
Consequently, messages can be transmitted in only one direction.  Although we can use
two fibers to achieve the goal of bi-directional transmission, this leads to an increased
hardware cost.

Based on the above reasons, Chou and Du [6] proposed the uni-directional
hypercube (UHC). Each link in a hypercube is assigned a fixed direction. The UHC
preserves the characteristic of small diameter of the hypercube. In addition, they also
proposed a simple and efficient routing scheme for the UHC. In this paper, we will
further investigate broadcasting and fault-tolerant broadcasting algorithms for the even
dimensional UHC.

This paper is organized as follows. Section 2 describes the UHC and the
communication model. We prove that the even dimensional UHC is node symmetric,
and propose the broadcasting trees in sections 3 and 4. Next, we present our all-port
fault-tolerant broadcasting tree in section 5. In section 6 we analyze the performance of
our algorithms. In section 7 we show how to implement the ASCEND/DESCEND
agorithms and bitonic sorting in the even dimensional UHC. Some concluding remarks
and remaining problems are given in section 8.

2. PRELIMINARY

The n-dimensional hypercube can be modeled as a graph Q, = (V, E) with 2" nodes
and n2"" edges. Each node represents a processor (or processing unit) and each edge
represents a communication link between a pair of processors. Fig. 1 shows the
4-dimensional hypercube if we ignore the hat symbols and link directions. Note that two
nodes are linked if and only if their identifiers differ by exactly one bit position. (Nodes
are assigned binary numbers from 0 to 2" — 1 as identifiers.) Port i of node v represents
the link which connects v with the node whose identifier differs from v in the ith bit. Note
that the rightmost bit position is 0.

The n-dimensional uni-directional hypercube (n-UHC) is an orientation of Q,; that
is, each edge Q, is assigned a fixed direction, either incoming or outgoing. The direction
of each edgeis assigned according to the following polarity function [6]:

(1100 —>—+—(1101)
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Fig. 1. The 4-diemensional uni-direction hypercube.
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Dr-1+bn.2+ ... +by+bo+H)

polarity (B, i) = sign of (- 1)¢ ,

where B = (b,.1bn» ...bibg) is the binary representation of the identifier of a node in the
UHC, and i represents the port number.

If the polarity function is positive, port i is an out-port of node B; otherwise, port i is
an in-port. Out-port (in-port) i of node v may be either port 2i or port 2i + 1, depending
on which one is the out-port (in-port). For example, Fig. 1 shows the 4-dimensional
uni-direction hypercube (4-UHC) in which the link from 0000 to 0100 is out-port 1 (port
2) of 0000, in-port 1 of 0100.

For convenience we denote a node with hat symbols to represent its out-ports, such
as 0000 which means ports 1 and 3 are the out-ports of 0000. The superdimension j of
node v, denoted SD;(v), is comprised of bits 2j + 1 and 2j of v together with their

polarities. For instance, 832(06160111) =10. We can denote node S by
(Su_11S0_psSjy S, Sp), Where § is the superdimension j of node Sand contains two
2 2

bits. §; denotes the result of complementing the out-port bit of 5 and exchanging the

polarity of these two bits. For example, s; = 00 has out-port 0, and §; = 10.

The UHC discussed above is aso referred to as the positive UHC. By graph duality,
there is another class of uni-directional hypercubes (referred as the negative UHC) with
the opposite polarity function [6]:

1+bn.o+ ... +by+bo+i+1)

polarity (B, i) = sign of (- 1)®

In fact, there is no difference between the positive UHC and the negative UHC,
except for their link directions. Therefore, in the rest of the paper when we refer to
UHC, we mean positive UHC, except where specifically pointed out.

Although the degree of n-UHC is equal to only a half of Q,'s degree, the diameter of
n-UHC is only n + 1 when n is even, and n + 2 when n is odd. An n-UHC can be
decomposed into a positive (n — 1)-UHC and a negative (n — 1)-UHC [6].

When a processor can communicate with all of its ports concurrently, we call it
all-port communication. If aprocessor can only send and receive on one of its ports at
any time, and the ports on which a processor sends and receives can be different [16], it is
called one-port communication.

In this paper we adopt the model of communication cost proposed by Fraigniaud [11,
12]. The time T required for sending a message from one processor to one of its
neighboring processors is assumed to be the sum of a start-up time £ and a propagation
time L, proportional to the length of messages L (1/zis the bandwidth), i.e. T= 8+ L.
This evaluation model is said to be linear. If T =1, it is caled the constant evaluation
model. The constant evaluation model is used in most published papers. The authors
of those papers, however, did not consider that the length of messages would play an
important role in the communication cost. If the transmitted message is long, it may
dominate the communication cost.
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3. BROADCASTING TREES

Before we present our broadcasting trees, we shall first prove that an n-UHC is node
symmetric if niseven. A graph is node symmetric if, given any two nodes v; and v,, there
exists an automorphism & such that &v;) = v, [3]. If a graph is node symmetric, then it
looks the same from every node in the graph. Thus, the routing and broadcasting
algorithms for the network need not be modified for change of starting node. First, we
define the operation Irot(x) (or rrot(x)) as rotating the binary representation of x with its

polarity one bit to the |eft (right). For example, Irot(63b261b0) = b261b063.

Theorem 1. An even dimensional UHC is a node symmetric graph.

Proof: Given any two nodes U = (Un.1Un.2...UiUg) and vV = (Vi.1Vno...ViVg) in N-UHC, nis
even, we define the mapping 6:V — V as

() = XOudv if polarity(u,0) = polarity(v,0),
B Irot(x) ®Irot(u) ®v if polarity(u,0) # polarity(v,0),

where @ is an exclusive-or operation.

We can define an inverse function 8”: V — V as

0'(X) = XOudv if polarity(u,0) = polarity(v,0),
B rrot(x @ lrot(u) @ v) if polarity(u,0) = polarity(v,0),

Itisclear that 8’(8(x)) =X, and therefore @is bijective. If there exists alink (x, y)
in n-UHC, it implies x and y differ in one bit position. Thus &x) and &) also differ in
one hit position; in other words, there exists a link between &(x) and &y). Next, we shall
examine the direction of thelink. If polarity(u, 0) = polarity(v, 0), the number of 1'sin
u and v will both be either even or odd. As a result, the number of 1'sinu @ v is even,
and the directions of each port of x and &X) are the same. Consider the case that
polarity(u, 0) # polarity(v, 0). Suppose x and y differ at hit position i, then &x) and &)
will differ at bit position i + 1 (mod n). In addition, the number of I'sin Irot(u) ® v is
odd. Thus porti + 1 (mod n) in &x) and &y) will have the same direction as port i in x
and y. Hence @ is a graph automorphism because any arc (x, y) in n-UHC implies the
existence of arc (4x), &y)) in n-UHC. Therefore an even dimensional UHC is node
symmetric. a

In addition to the node symmetry property, there is another property which is
important for our subsequent algorithms. When we exchange bits 2i and 2i + 1 of one

node along with their polarities, node (b, 4b, p.-byi.10s..b) beECOmes (o, by, ;..
b2i62i+1"'b061) and node (bn—16n—2---b2i+162i---th60) becomeS(Bn—zbn—l---BZi bz 60b1)-

Lemma 2. In an even dimensional positive UHC, if we exchange bits 2i and 2i + 1 along
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with their polarities in all node identifiers, for al 0<i<Z, the resulting graph is an
even dimensional negative UHC.

Proof: If we exchange every pair of bits 2i and 2i + 1 along with their polarities, the
polarity function will become that of a negative UHC. Thus the resulting graph is a
negative UHC. a

A naive way to broadcast a message is to send a message along a broadcasting tree
rooted at the source node. However, the performance depends highly upon the choice of
the broadcasting tree. We propose three different broadcasting trees based on the
one-port and all-port schemes.

In most interconnection networks, the divide-and-conquer strategy is usually used to
construct broadcasting trees. In our first broadcasting tree, denoted n-BT,, an n-UHC is
recursively divided into four (n — 2)-UHCs. (Only the even dimensional UHCs are node
symmetric.) The message in the source node is first transmitted to the sub-root of each
(n — 2)-UHC; this sub-root becomes a source node in the (n — 2)-UHC. Then this
method is applied recursively. In n-BT,, without loss of generality, we assume that the
source node is (00b,.3... bibp), and we use the leftmost two bits of identifiers to divide an
n-UHC. The sub-roots in the four (n — 2)-UHCs are identified as 00, 01, 11 and 10,
which represent the difference in the leftmost two bits between the sub-roots and the
source node. Because the source node is embedded in acycle of length four viaits portsn
—1and n- 2, and each nodein the cycleisin adistinct (n — 2)-UHC, the message can be
broadcast to the nodes in the cycle via the leftmost out-ports of these nodes. To be
precise, the message is sent via the path (OObn 3--biby) — (01b,_5..bby) — (11bn 3Dy
by) — (10bn 3-..0,0g) to the sub-roots. And, the tree can be recursively constructed.  For
example, the graph shown in Fig. 2 is 4-BT; rooted at 0000. Note that the distance
between the root and the farthest sub-root is 3. The precise construction for n-BT, will be
given in the next section.

{0d0d)

A 6100) (9001)
1iod)  (oi1o)  (odii
» VA . /'I\\ T
1060 1100)  (o1in)  (doio
1010 1i1) (ofo1)

Fig. 2. 4-BT, rooted at (0606).
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To improve n-BT,, we have to reduce the distance between the root and the farthest
sub-root. In n-BT,, we use a cycle to transmit messages to the sub-roots of the other three
(n— 2)-UHCs. We construct the second broadcasting tree, denoted as n-BT,, which uses
two paths to transmit messages to the other sub-roots. In n-BT, the source
(0000b,,_s...b; by ) sends the message via two paths (0000b,, ....bb,) — (0100b, ... b,)

— (1100b,,_s...b1ly) and (0000b,,_s....b; by ) — (0001b,, _s...bby) — (1001b,,_5...bjby). The
subcube 10x,.3...X;1% does not receive messages from node (1100b,,_s...b;b,) any more.
Instead it receives messages from (0001b,.s...bibg). Hence the distance between the

root and the farthest sub-root is reduced to 2, which is shorter than that of BT;. The
smallest BT, to show construction recursion is 6-BT,, which is shown in Fig. 3.

1 2 3
2 3 4 3 4 5 4 5
Bii) (o) o]
3 4 4 5 5 6 4 5 5 6 5 [+
(T13160) @ B (i i
4 b b [ b 6 6 7 b 6 6 7 6 7 6
i) (i) (@) @) @) (o) Gie) @) o) @) @) (@) @uk)
5 6 6 7 6 7 7 6 7 7 8 7 7
i

(fiher (T (Tishe) (Tels) (Einiy) (riots) G (Taiem) Cooln) (o) (obiie) (Gairia)

G 7 7 7 8 7 8 8
(iB) (G (B (i)
7 8 8 9
(ririo) f11ai1 {loloTa )

Fig. 3. 6-BT, rooted at  (000000).

Theorem 3. The height of n-BT; is %n, and that of n-BT,isn+ 1, whereniseven.

Proof: Let Hy(n) and Hy(n) denote the heights of n-BT, and n-BT,, respectively.
Obvioudly, it takes three steps to get from the root node to the sub-root 10 in n-BT..
Hence, we can derive a recursive function for BTy, Hy(n) = Hy(n — 2) + 3, n > 4, with
Hi(2) = 3. Thus, H,(n) = %n. In n-BT,, the distance between the root and the farthest
sub-root is 2. Hence, the recursive function isH,(n) = Hy(n — 2) + 2, n > 4, with H,(2) = 3.
Theresultisthat Hy(n) =n + 1.

Corollary 4. For all-port communication in n-UHC, the broadcasting time steps required
for BT, and BT, are %n and n + 1, respectively, wherenis even.
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Corollary 5. For all-port communication in n-UHC, BT, isoptimal.

Proof: Because the diameter of n-UHC isn + 1, it is impossible to construct a tree with
height less than n + 1. Thus, for all-port communication with the constant evaluation
model, BT, isoptimal. a

Theorem 6. For one-port communication in n-UHC, the broadcasting time steps required
for either BT, or BT, is %n whereniseven.

Proof: For one-port communication, we consider the order of the message transmission.
In both BT, and BT,, messages are sent first through the highest out-port (i.e., the
out-port with the largest port number), since there are more nodes in the subtree

connecting the highest out-port. BT; takes 3 steps from the source to the sub-root 10.

Thus, sub-root 10 begins to broadcast at step 4. The other sub-roots Of), 0land11
begin to broadcast in each of their subcubes at steps 2, 3 and 4, respectively. Therefore,
we have the recursive function T(n) = T(n — 2) + 3 with T(2) = 3. The result is
T(n)=2n. In BT, no matter how we arrange the order of message transmission, the

root needs at least three steps to send messages to al of the other three sub-roots. Thus,
the number of broadcasting stepsin BT, isequal to that of BT;. d

As an example, the number associated with each link in Fig. 3 is the time schedule
in 6-BT, for one-port communication.

For one-port communication, we can construct a more efficient broadcasting tree,
which we denote n-BTs3. 6-BTzisshownin Fig. 4.  Inthefigure, we prune node (101111)
and glue it as a child of node (111111). If the message is propagated in the order of the
subscripts associated with the links, it takes only eight steps to finish one-port
broadcasting. As aresult, instead of dividing an n-UHC into four (n — 2)-UHCs as in
BT, and BT,, we now recursively divide an n-UHC into 64 (n — 6)-UHCs in BT3. The
root broadcasts the message to the sub-roots using 6-BT; as a base. If each subcube
cannot be further divided into 64 units (i.e., each subcube contains less than 64 nodes),
we use BT, to broadcast the message in each of the small subcubes. The number of time
steps in one-port broadcasting required for BT can be reduced. However, the method of
construction is more complicated.

Theorem 7. For one-port communication in n-UHC, the broadcasting time steps required
for BT; are4 (n—(n mod6)) + 3 (nmod6), where nis even.

Proof: Let T(n) denote the time steps required for broadcasting in n-UHC using BTs. If n
isamultiple of 6, we have the recursive function T(n) = T(n— 6) + 8, n > 6 and T(6) = 8.
Thus, we obtain the result T(n) = %n. For the case that n is not a multiple of 6, if each
subcube cannat be further divided into 64 smaller cubes, we use BT, to accomplish the
broadcast. The recursive function is now generaized as follows: T(n) = T(n—6) + 8, n
> 6, with T(2) = 3, T(4) = 3, and T(6) = 8. Thus it needs 4 (n—(n mod6)) +2(nmod6)

steps.
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Fig. 4. 6-BT;rooted a (000000).

4. CONSTRUCTION ALGORITHMSFOR
THE BROADCASTING TREES

In this section, we present the distributed construction agorithms for the
broadcasting trees proposed in the previous section.

In BT, acycle of length four is used as the backbone to distribute the message from
the source node to the sub-root of each subcube. Thus, an n-UHC is recursively divided
into four (n — 2)-UHCs, and BT, can be recursively constructed. In BT, we use two
digoint paths as the broadcast backbone. The recursion procedure is the same as that of
BT,. However, the tree height in BT, is reduced. BT3 is constructed in a purely artificial
manner. We first construct the broadcasting tree 6-BT; for 6-UHC as shown in Fig. 4.
Then, we use 6-BT5 as a backbone in the construction recursion. Hence, in BT an
n-UHC is recursively divided into 64 (n — 6)-UHCs. If a subcube contains less than 64
nodes, BT, construction is applied.

BT, isavery simple structure. Without loss of generality we assume the root is the
node with al bits being zero. We can easily define a children function to generate all
children of anodein BT as follows.

<I%71,,I_k,,lo>,V0S k S%—l |f | |Sroot,

(in 1reemsi oo ig) VOS K <1 if i, € {01,10,11,17},
children(i) = 21" K0 R

(in_yrenlirnio) VOS K <I if i} €{10,0% and! =0,

P if i, € {10,013} and | =0,
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where | is the first superdimension, scanning from right to left, that is not 00 or 00.
Note that the rightmost superdimension is 0.

BT, is much more complicated than BT, but first, we shall present some
characteristics of BT.

Proposition 1. In BT, there does not exist a path voepvs€; ... €1V such that g, e,; and
€., are out-port j of v, i,y and V., respectively, with j = 0.

Proposition 2. In BT, if node u receives a message from in-port i, and its parent receives
one from in-port j, where j > i + 2, then node u should send the message to each out-port
k, k<i+1

For example, consider Fig. 3. Node (010010) is connected with its parent viain-port
0, while its parent is connected with its grandparent via in-port 2. Thus the children of
node (010010) are connected with it via out-ports 1 and 0.

Proposition 3. In BT,, node k is aleaf if and only if the last three arcs of the path from
the root to node k use in-port O of the last three nodes.

For example, (111101), (111111) and (111110) are connected with their parents via
in-port O.

For BT,, messages in an n-UHC should be sent to each (n — 2)-UHC in two steps
except those in 2-UHCs. Hence, a message can be broadcast with a tag which informs the
children where the message was from. The algorithm is as follows.

Algorithm 1. Distributed BT, construction algorithm
if the current node is the source node then
send the message with tag =3 to all out-ports
else
receive a message fromin-port i
if tag>i + 1then
send the message withtag =i toout-portj, VO<j<i+1
dseiftag=-1
stop
elseif i =0then
settag=tag-1
send the message with tag to out-port 0
eseif tag<ithen
send the message withtag =i toout-portj, V0<j<i—-1

dseiftag=i+1
send the message withtag =i to out-port j, V 0 <j <i
end
end
end

Note that in this algorithm, the identifier of the source node is no longer needed. The
tag, in fact, takes the place of the source identifier. Therefore, in comparison with the
broadcasting agorithm in hypercubes, this algorithm does not need any extra field
encapsulated in the message.
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For instance, (060606) sends the message with tag = 3 to (616060), (606160) and
(606061). (616060) receives this message on in-port 2, and then relays it with tag = 2 to

(110000), (011000) and (010010). When (010010) receives the message with tag = 2
onin-port 0, it relays the message via out-ports 1 and O with tag = 0.

Since n-BT; is based on 6-BT;, we split the binary representation of a node into
several sections, each containing 6 bhits, except the rightmost section, i.e., section 0.
Again we assume that the root is (0 ... 0). Each node contains a table describing the basic
information of a6-BT3, which is extracted from Fig. 4. Given anodein 6-BTs, thetable
suggests to which out-port the node should begin sending the message. If the current
node is the root, it sends the message via al of its out-ports. If a node receives a
message from other node, the algorithm for this nodeis as follows:

Algorithm 2. Distributed BT3 construction algorithm
receive a message fromin-port i
scan the binary representation from right to left; find the first
section k whose content is not zero
if (k= 0) or (n mod 6 = 0) then
look up the construction table of 6-BT3 with the content of section k to find out
to which out-port j it should start sending the message
if k= 0then
send the message to out-port |,
V0<I<j+3(k-1)+ (nmod 6)/2
else
send the message to out-port |, VO<| <j + 3k
ese
use the content of section k to send the message according
to the construction algorithm for BT,
end
end

For example, (16010606) can be split into two sections, 100100and 00, see Fig. 4.

100100 sends the message via out-ports 1 and O. Hence(lf)OiOﬁOf)) should send the
message viaout-ports 2, 1 and 0. By Lemma 2 either the construction table of the positive
UHC or that of the negative UHC is sufficient for the needs in both cases. When we
consult the table, the polarity should be consistent. Consider another
example (01001100). Its first section is 010011. Since, the polarity of 010011 is

negative, 100011 rather than 010011 should be used to look up thetable.

After we discuss broadcasting in even dimensional UHC, we shall describe how to
broadcast in odd dimensional UHC. An n-UHC can be decomposed into a positive (n —
1)-UHC and a negative (n — 1)-UHC. Thus we can divide an odd dimensiona n-UHC by
bit n — 1. If port n — 1 of the source node v is an out-port, the source node sends the
message to v @ 2™ otherwise, it sends the message via the path (v > v ® 2™ - v @
(2™ + 2™?)). Then we can apply the broadcasting trees of the even dimensional UHC in
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previous sections to broadcast. The cost of these algorithms will increase one step if port
n — 1 of the source node is an out-port, or increase two steps otherwise.

5. FAULT-TOLERANT BROADCASTING TREES

As the number of components in a distributed system increases, the probability that
some components work incorrectly cannot be neglected. In this paper we consider both
link failures and processor failures. A link or aprocessor is faulty if it cannot transmit any
message. Note that in our model, a processor or a link either transmits or does not
transmit messages; in other words, it does not corrupt messages. All faults are assumed to
be permanent (or at least are considered to be permanent during the whole execution of
the communi cation algorithm).

A graph (digraph) G is said to have fault tolerance k if, when as many as k arbitrary
nodes are deleted from G, the resulting subgraph is still connected (strongly connected)
[2]. An @agorithm for communicating in a digraph D(V, A) can tolerate f faults if and
only if each data element can be routed through at least f + 1 node-disjoint paths from its
sourceto its destination [11].

It has been proven by Edmonds [10] that every digraph possesses as many
arc-digoint spanning trees rooted at any node as the arc-connectivity of the digraph.
Here, for a digraph D = (V, A), arc-connectivity represents the minimum number of
elementsin an arc set A' such that D' = (V, A— A) is not a strongly connected digraph. It
is clear that the arc-connectivity of an n-UHC is at most%,where niseven. Thus n-UHC
hasat most  arc-disjoint spanning trees (ADST) rooted at any node. In this section we
propose an explicit construction of 7 arc-digoint spanning treesin an n-UHC, where n
iseven. This family of treesis denoted n-ADST. Also, we identify each spanning tree by
the out-port number from where it is derived. For example, the right subtree in 4-ADST
inFig. 5iscalled subtree 0.

Fig. 5. 4-ADST rooted a  (0000).
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Our ADST isbased on BT;. Without loss of generality, let node (O ... 0) be the root.
To begin, we show how to construct subtree —1, which is very similar to BT, except
that some nodes changg the connef:ti ng position§ in the trqe. The root first sendsAthe
message via the path (000---0) — (010---0) — (110---0) — (100---0). Then nodes(010
---0), (liO~ --0) and (100~ --0) serve as the roots of the subcubes (01%,.3 ... X1Xg), (11%n3 ...

X1Xo) and (10x,3 ... X1Xg), respectively. These three nodes; in turn, broadcast the message
as in BT,. Finaly, each node with identifier (10x,,_s...X;Xg) Or (01x,,_3...%; Xy) Sends the

message via its out-port%—l. Subtree j,0< j < %— 2, can be obtained by rotating the

identifiers of the nodes in subtree 7 —1right by n — 2j — 2 bits. For example, the tree in
Fig. 6 issubtree 1 of 6-ADST.

(b ) olobid {BudLbL) iodolL 116100
1h111h (1{110d)
{51700L (1110d0
L (Llib) L
(pTodo]) 1dd) 110d0d (G
(i)
(Luiofy . S . {Lioioi oiolod
T1itio (Tof1bo
(11160l N (ol1d0d) T160d 1 oLl
(o110l
rrSry X
fofofo ofoi1i
(loi111
G (l0B161)
(ol1 110}
TolofiL

Fig. 6. Subtree 1 of 6-ADST rooted at  (000000).

For a given node i in subtree |, let | be the first superdimension position in the
sequence j +1, j+2,...,5-10L...j ~1such that SD, (i) ¢ {00,00}. If there does not exist
such a superdimension position, weset | =— 1. For instance, supposethatn=10and | =

2. For (1100100000) and (0000100011), we have | = 4 and | = 0, respectively. Thus the
children of nodei in subtreej are given by
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(in—1-- TTRRRY Y if ¢ is root,

(in_y-- k- -io) if 4; € {11,11,01,10} and { = -1,
Vk € Z3(j,j+1)

(in_y- g io) if ; € {10,01} and I = -1,
Vk € Zg(j -1,j+1)

(i1 -0k -io) if 4; € {11,11,01, 10} and
Vk € Zs(l,j+1) i ¢ {10,01},

children(i) = { (ig_1-- 7k io) if 4; € {11,11,01,10} and

Vke Za(l-1,j+1) i, € {10,01} and I # j + 1,

<i%-1 .- Z); .- Zo> if ij € {10, 01} and ¢ & {iO, Oi},
Vk € Za (1, ])

(in_y---Tg- - -io) if i; € {10,01} and 4, € {i0,01},
Vk € Z3(l—1,5)

0 if (i; € {11,11,01, 10} and
i€ {10,01} and I =j+1) or
(¢; € {00,00} and [ # —1),

where

~ <X,X—1."‘,y+1|y> if x> Y,
Z;(X'y)_{<X,X—l,"'10,%—l.“‘ay+l|Y> if x<y.

Lemma 8. The n/2 subtreesin an n-ADST graph are arc-digjoint, for even n.

Proof: By definition, subtree 5 —1of n-ADST is based on n-BT;. Subtree j, 0 < j <
5 —2, can be obtained by rotating the identifiers of the nodes in subtree 3 —1right by n
—2j —2 hits. So, it is clear that the n/2 subtreesin n-ADST graph are arc-digjoint. u

Lemma 9. In subtree j of n-ADST, for n even, the nodesin V'={v|SD,(v)e {00,00},
wherevisnot the root} are al leaves.

Proof: It is obvious by the construction method. Without the last step, the subtree does
not contain any node v such that SD;(v) € {00,00}. In the last step, every node in V'

will attach anode u such that SD; (u) e {iO, 03} . Therefore the nodesin V' are all leaves.U

Theorem 10. Two paths between the source and any other node in two subtrees of the
n-ADST, for n even, are node-digjoint.
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Proof: We shall prove this theorem by contradiction. Let Pj(x) denote the node set {v;,
Vo, ..., Vit such that the path (s - v; — v, — ...— Vv — X) is a path from the source s to
node X in subtree j. Suppose that B (x) N P, (x)¢¢) i#]. Lety= (yn 1Y€ R(X)N
P; (). Without loss of generality, one can assume j = 5 —1. Sincey € P,(X) N Pi(x), y is
a nonleaf node in both subtree i and subtree——l From Lemma 9, yn land Vi ¢

{00,00}. Let r and t be the first superdimension such that y, and Vi e{OO 00} counted
cyclicaly left to right from superdi menson 0 and superdimension i + 1, respectively.
From our construction agorithm, i > r > 0 and 3>t >i+1, because yn and y; ¢

{00 00} Conseguently, the descendants of y in subtree 5 -1 differ from y only in the
superdimensions which range from r to 0; the descendants of y in subtree i differ fromy
only in the superdimensions which range from t to i. However, these two intervals [0, r]
and [i, t] are disoint. Node y has no descendant in both subtree 7 -1 and subtreei, and
thus, nodey is aleaf node. This contradicts that y is anonleaf node. Therefore, thereis no

such node y and Pi(x) N Py(x) = ¢. a
From the above two theorems, we have the following corollary:

Corollary 11. The fault tolerance of n-UHCis 7 -1, for evenn.

Theorem 12. The height of n-ADST is %n +(nmod4)/ 2, for evenn.

Proof: Since every subtree of n-ADST is of the same height, we consider only subtree
5—1. Without the last step, the height of subtree 7 -1is the same as BT;. Using the
same reasoning asin Lemma 9, the last step increases the height of the tree by only 1. Let
x be the node at level %n (the level of root is 0). If nis not amultiple of 4, SDy(x) = 10,
because the distance from the root to x is odd and x is the descendant of (0...001). Thus
the height of n-ADST is %Q+1 when n is not a multiple of 4. Similarly, if nis a
multiple of 4, then SDy(x) =10, and the height of n-ADST is gn. a

In our n-ADST, no link appears more than once in al spanning trees. However, at
every step, each processor may appear more than once in al spanning trees. In other
words, some processors are required to have a multiple-port communication capability or
at least a buffering capability when multiple-port communication is encountered.

6. PERFORMANCE ANALYSIS

Let h denote the height of a broadcasting tree. The cost of sending a message of
length L under all-port communication is h(S + L,). In the case of long messages, we can
use the pipeline technique proposed by many researchers [11, 12, 16, 24] to speed up
broadcasting under all-port communication. First, we cut the message into L/B packets of
size B. The message can then be sent one packet after another into the pipeline. The
broadcasting time is h(8 + B,) for the first packet to reach the farthest node, plus (L/B — 1)

(8 + B, for the remaining packets. This gives a total time of (h—l+%)(ﬂ— B,).
Minimizing the total time by selecting the packet size, we get the minimum time
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(- +|L,)? when g_ | L5

(h _l)‘[ .
Now we consider all-port fault-tolerant broadcasting. Let f denote the number of
faultsin n-UHC. If f = n/2 — 1, the message is duplicated n/2 times, and each copy is sent

through one subtree in n-ADST. The time complexity is(3n+2med 14 L) (5 +B,),

where nis even and B is the packet size. If f < n/2 — 1, we cut the message into n/2 blocks,
Mo, My, ..., Myo.1.  Each subtree j transmits the message, which is the composition of
blocks My, Vke {j,j + 1, ..., (j + f) mod (n/2)}. If there is no fault, each node can receive
f + 1 copies of the original message, because each block is transmitted via f + 1 subtrees.
Thus each node can receive at least one copy of the message if there are f faults. Since
each subtree transmits a message of length 2(f + 1)L/n, the time required for the algorithm

becomes (3 n+nmodd 14 A fB+1)L)(ﬁ+ B,).

If we do not consider the fault-tolerant tree, the formula discussed above is still valid
in the one-port communication, except that the term h should be replaced by the total start
up time needed. Table 1 isa summary of the time complexities of our broadcasting trees.

Table 1. Time complexities of broadcastingin n-UHC.

Communication | Routing Constant Linear evaluation model
model evaluation Optimal Minimum
model packet size time
BT, 3n \/WL% (yGn-1)8+ VIr)
one-port BT, in \/(—Qf% (\/(%n - 1)B+VL7)?
2
B; | si(x3n) | oy | (J@-1)8+VIr)?
BTl %TL J-(—%—"%EI% (\/(%n—— 1),3+ VLT)2
all-port BT, n+1 V2 (vnB + VL1)?
BT3 .1'2(% %n) \/G—}‘%‘)? (\/(372 - l)ﬁ + vV LT)2
ADST | gn+nmedd | JULUE | ( figy —1)3 4 /ALy
T = %(n -n mgd46) + 2(n mod 6) x3 = ¥(n — nmod 6) + £(n mod 6)
T3 = yn + LEPSS
L : message length. f : number of faults.
B : start-up time. 7 : a constant parameter.

7. APPLICATIONS OF UHC

In this section, we will present ASCEND/DESCEND algorithms on the UHC. These
algorithms are based on one-port communication, and do not possess fault-tolerant
ability.

The ASCEND/DESCEND algorithms [22] are two classes of parallel agorithms
which are derived from the divide-and-conquer paradigm. Assume that input data o,
A, ..., 01 are stored, respectively, in storage locations T[0], T[1], ..., T[n — 1], and the
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number of inputs is a power of 2 (i.e, n = 2. An agorithm is in the ASCEND
(DESCEND) class if it performs a sequence of basic operations on pairs of data that are
successively 2°, 2%, ..., 2¢ (2¢% 2¢% ..., 2% locations apart. Each basic operation
OPER(mM, j; U, V) modifies the two data items stored in locations U and V; the
computation performed affects only the contents of U, V and may depend upon
parametersmand j, where0<m<n-1,0<j <k- 1. Algorithmsin the ASCEND class
can then be specified asfollows:

Algorithm 3. ASCEND
forj=0tok—1do
foreachm,0<m<n-1,doinparale
if thejth bit of misOthen
OPER(m, j; T[m], TIm @ 21)
end

For some applications, such as bitonic merge and cyclic shift, the corresponding
agorithms are directly within the ASCEND or DESCEND class. Other applications (such
as permutation, shuffle, unshuffle, bit-reversal, odd-even merge, Fast Fourier Transform,
convolution, matrix transposition) have programs consisting of a short sequence of
algorithms in these two classes. As for applications such as bitonic sort, odd-even merge
sort, and calculations of symmetric functions, they are the combination of the two results
of arecursive call which isin the two classes.

It is quite easy to implement ASCEND/DESCEND algorithms in hypercubes, since,
by the definition of alink in a hypercube, two nodes u and v are adjacent if and only if u
ov=2ie,lu-v|=2,0<j<k-1 Let d, denote the original data stored in node m,
and let &., denote the data stored in node m after the completion of iteration j — 1 (note
that j is counted from 0). The for statement in the ASCEND algorithm can be replaced
by:

for eachnodem, 0<m<n-1,doin parallel
send &) tonodem® 2
receive J! ' from nodem® 2
i 5l
oreBim i 615 i)

In the UHC, each send or receive in the above agorithm takes three steps to
accomplish. It is not efficient for the UHC to perform the algorithms of the hypercube.
Therefore we have to modify it to suit the UHC.

Since nodes mand m @ 2 cannot directly communicate with each other in the UHC,
we combine two iterations, say 2j and 2j + 1, of the original algorithm Here we assume n
is even. Let vy be a node whose port 2j is an out-port, and v, = vo @ 2 , Vo = v ® 22" and
V3= Vo @ (23 + 23", Asillustrated in Fig. 7, nodes vo and v; send§ j and5 I to nodes v,
and v, respectively. Then v; and v, perform the operatlonOPER(vl,Z i 5ZJ 621) and
OPER(v,,2j; 82,621, respectively. After the operations, nodes v; and v, send
62”1 and 52”1to v, and vi. Thus nodes v; and v, can perform the operations OPER

(v,2] +l§2'+1 52“1) and OPER(V,,2 | +l52'+1 52“1) respectively. Finally, nodes v;
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and v, send 520*Y and §2U*Y back to vs and vo, respectively. Two iterations in the
ASCEND algorlthm can therefore be done by using four communication steps. Observing
the ASCEND/DESCEND algorithms under the hypercube with the half duplex mode, we
see that both use 4 communication steps within two iterations.

8’1/07&!
4) ©) (6)

Fig. 7. Iteration 2j and 2 j + 1 of the ASCEND algorithm in the UHC.

Algorithm 4. ASCEND for the even dimensional UHC

- k
forj=0to -1 do

for eachnodem, 0<m<n,doin paralel
if port 2 isan out-port then
send 52! to nodem 22!

receive 52 from nodem® 22/+1
m®(22] 2|+1)
send 521+t to nodem@® 22

me (221 +221+1)
receive 52*Y from nodeme® 221+
else
receive5! _, from nodeme® 22}
m®2°!

OPER(M2j;65),62) )

send %)+, to nodeme 22

rece|ve52“212J+1

OPER(M2j+L67/%,82%; 1)

from nodem@® 22}

send & zgzzl?ﬂ to nodem® 22/+1

end
end
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If simultaneous send and receive operations are alowed, we can transmit the

messages within 3 steps. Each node m performs the three operations OPER(m,2; ;5,3{' ,
5;39221 ), OPER(M& 221*1.2, ;5%22“1 , 5;39 (2214 7201)) D OPER (M2] +1; 5,311*1,5;1@;212“1 .
This method needs three communication steps and three operations with two iterations.

From the above description, we find that the BT, algorithm described in the previous
section is one example of the DESCEND algorithm.

In the following we use bitonic sorting to illustrate the ASCEND/DESCEND
agorithms. Bitonic sorting is a combination of several DESCEND algorithm calls. Given a
sequence of 2 data elements, which are stored in T[0], T[1], ..., T[2“~ 1], thisagorithm is

Algorithm 5. Bitonic Sorting
fori=0tok—1do
forj=idowntoOdo
foreachm, 0<m<n-1,doinpardlel
if the jth bit of mis 0 then
if T[m] > T[m @ 2] then '
exchange T[m] and TIm @ 2]
else .
if T[m] < T[m@® 2] then .
exchange T[m] and TIm & 2]
end

In the original ASCEND/DESCEND algorithms, the number of iterations is even,
while that of the inner loop of bitonic sorting may be either odd or even. If the number of
iterations is odd, the DESCEND algorithm cannot be directly applied. As a result, we
have to add an iteration to the inner loop when the number of iterationsis odd, i.e., when
i isevenin Algorithm 5. This added iteration is used only for data transmission, and thus,
we do not perform the comparison and exchange operations in the iteration. Our resulting
bitonic sorting for the UHC is as follows.

Algorithm 6. Bitonic Sorting for the UHC
fori=0tok—1do
forj=(Li/2})to0do
foreachm, 0<m<n-1,doinpardlel
if port 2 + 1isan out-port then
send &, to node m® 23*1
receive dno? + 22 ) from node m & 22
send Sue” + 237 to node m®23*
receive &, from node m®2?
else _
receive G2+ from node m@23*:
if (i isodd or j # (Li/2]) then
if ((the (2] +1)th bit of mis0) and (& > dne22+1)) OF
((the (2] +1)th bit of mis1) and (o < Smer2+)) then
exchange o, and dne2+
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send G2+t to node m®24

receive dng7 from node m @ 23+

if ((the (2))th bit of mis 0) and (> ez2)) OF

((the (2))th bit of mis 1) and (&, < Snes7) then
exchange d, and de,?

send Gezj to Node M@ 2j

end
end

8. CONCLUSIONS

In this paper we present three kinds of broadcasting tree for the even dimensional
uni-directional hypercube (UHC) and some applications. In the constant evaluation
model, our al-port broadcasting tree BT,, which requiresn + 1 steps, is optimal. The best

one of our one-port broadcasting trees, BTs, needs4 (n—nmod 6) + 2 (n mod 6) steps. Our

algorithms can be easily applied to an odd dimensional UHC. We also propose an all-port
fault-tolerant broadcasting tree whose height is 2n+2md4 | astly, we show that the

ASCEND/DESCEND agorithms can be implemented in the UHC with the same time
complexity as the hypercube under the half duplex mode.

Given any node v in n-UHC, where nis even, let V' = {u| the distance between u and
visn+ 1}. Then, obvioudly, |[V'| = 2 if n > 4. Hence, the lower bound on the number of
steps needed in one-port broadcasting is greater than or equal ton + 2, i.e.,, d + 1, whered
is the diameter of the UHC. As aresult, we do not know if our best one-port broadcasting
algorithm is optimal. Since the height of n-BT, is only n + 1, can the height 3n + 1mod4
of n-ADST be improved? Our ADST requires that some processors are cabable of
multi-port communication. We are trying to figure out if it is possible to find a scheduling
discipline which alows one-port fault-tolerant broadcasting in our n-ADST. These
problems are worthy of further investigation.

Many interconnection networks have been proposed over the years, such as star
graphs [1, 7, 14] and de Bruijn graphs [9, 18], and they are claimed to have shorter
diameter or higher fault tolerance than hypercubes. One drawback with them, however,
is the difficulty of designing parallel programs on these networks. That is why they
cannot compete with the hypercube. ASCEND/DESCEND algorithms represent the
solution of many practical problems, and it is very easy to implement
ASCEND/DESCEND agorithms on hypercubes. On the other hand, some computer
engineers think the high degree of each node in a hypercube makes it difficult to
construct larger networks. With a degree that is only half that of the hypercube's, and the
ease of implementing ASCEND/DESCEND agorithms, the UHC is an attractive
aternative to the hypercube.
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